The truncated plurigaussian method for modeling geologic facies is appealing not only for the wide variety of textures and shapes that can be generated, but also because of the internal consistency of the stochastic model. This method has not, however, been widely applied in simulating distributions of reservoir properties facies or in automatic history matching. One reason seems to be that it is fairly difficult to estimate the parameters of the stochastic model that could be used to geological facies maps with the desired properties. The second is that because "facies type" is a discrete variable, it is not straightforward to apply the efficient gradient-based minimization method to generate reservoir facies models that honor production data. Non-gradient methods, however, are too slow for large field-scale problems.
Introduction
Researchers have been building tools for history matching of permeability and porosity distributions to honor production data for several years. The assumption is almost always made that the rock properties are distributed randomly and that the randomness can be adequately described by the mean and the spatial covariance of the property fields. If there is more than one type of rock, region or facies, the assumption is usually made that the location of the boundaries of these regions is known. Bi et al. 1 and Zhang et al. 2 relaxed this restriction by allowing the boundaries of a three dimensional channel to be adjusted interactively during the history matching process. While the method worked quite well for a single channel in a background low-permeability facies, it became apparent that the extension to a reservoir with large numbers of channels would be impractically difficult.
As a result, we consider the truncated plurigaussian model for the description of facies boundaries. The truncated plurigaussian is attractive for modeling facies for several reasons.
1. The model is capable of generating a wide variety of facies shapes and neighbor relations. 2. The model is based on Gaussian random fields, which are well-suited to current in history matching codes. The truncation, or threshold maps, can be described by relatively few parameters.
In this paper, we describe progress on two aspects of the history matching problem. The first problem has to do with the specification of a prior geostatistical model, the purpose of which is to ensure plausibility of realizations 3, 4 . This is considerably more complex for the truncated plurigaussian model than for many geostatistical models because it is necessary to specify at least two covariance models (types, ranges, variances, and orientations), as well as the threshold parameters for the truncation. The second problem is adjustment of the facies boundaries for a fixed set of geostatistical model parameters. This requires efficient minimization of an objective function that is not differentiable.
Background
Major improvements in the application of the truncated Gaussian method for lithofacies simulations based on indicators were developed mostly by French scholars. By analyzing the limitations and the potential of the truncated Gaussian method, Galli et al. 5 found a way to apply this method to a 3-D problem with vertical non-stationarity in the proportions of lithofacies. They showed that this method preserved the consistency of the indicator variograms and cross variograms. The major achievement of this paper is the introduction of the truncated plurigaussian method, which allowed more complex neighbor relations than the standard truncated Gaussian model. In the same period, Le Loc'h et al. 6 showed the flexibility of the truncated plurigaussian
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Automatic History Matching of Geologic Facies Ning Liu, SPE and Dean S. Oliver, SPE, University of Oklahoma method by truncating two Gaussian functions. They pointed out that even if the two underlying Gaussian functions are uncorrelated, the resulting facies sets obtained by truncating are not independent. The correlation depends on the construction of thresholds of lithotypes. Using uncorrelated Gaussian functions they found that complex theoretical indicator variograms can be produced in combining various anisotropies by choosing different Gaussian functions. They suggested that the choice of a truncation method to the Gaussian functions should be as simple as possible to have easier control over the problem. Later, Le Loc'h and Galli 7 presented an insight to implementing the algorithm both for practical structural analysis and conditional simulations. In demonstrating the influence of the thresholds chosen for truncation, the partition of facies was accomplished using rectangles. But even with this relatively simple thresholding method, it is not at all straightforward to choose appropriate thresholds. The difficulty in estimating model parameters that will result in the desired facies distributions has restricted the practical application of this method. An example of a truncated plurigaussian simulation conditional to facies data at well locations was presented with a very slow convergence. This problem was attributed to the instability of the Gaussian covariance matrix. Lantuéjoul 8 discusses the problem of conditioning truncated plurigaussian models to facies observations extensively. Assuming known threshold parameters, the truncated plurigaussian simulation scheme was able to simulate the Gaussian random fields to match given lithofacies observations. As his simulation problem was small, the Markov chain Monte Carlo sampling method was applied to evolve Gaussian random fields. While, once again, the great potential of the truncated plurigaussian method in simulating lithofacies distribution was revealed, two major problems were left unsolved and seem to be limiting the application of this method beyond France. First is the difficulty in estimation of geostatistical parameters, i.e. the geostatiscal quantities such as the range, the variance, the covariance type (Gaussian, Exponential, Spherical, etc.) and the thresholds for discrimination of facies. Second, the application of the truncated pluri-gausian method in practical conditional simulation problems requires more efficient methods of sampling to deal with reservoir history matching problems.
Conditional simulation of reservoir facies distributions is of great interest of reservoir engineers. Bi et al. 1 and Zhang et al. 2 approached the problem of simulating a channel sand by simulating the location of the centerline, the width and thickness of the channel all along the channel length. In both cases, the Levenberg-Marquardt or Gauss-Newton methods were used for the history matching and the chain rule was used to compute the derivative of the production data mismatch to the values of channel width for example. They were able to do this because many of the intermediate matrices in the computation of the sensitivities were sparse, and because the number of sensitivity coefficients to be computed was relatively small.
In the article by Rahon et al. 9 , they considered two problems in simulating locations of lithofacies conditional to well pressure data. In the first, they attempt to estimate the permeability of each facies whose locations have been fixed. In the second problem, they altered the size of facies whose permeabilities have been fixed. The gradient calculation relating to lithofacies has been successfully implemented in an implicit single-phase fluid flow model. Rahon et al. 10 applied similar idea in the problem of simulating channel sand locations.
This paper parameterizes a channel by triangularization of surface with the nodes of the triangles representing the parameters. The centerline of the channel is assumed known and fixed and the permeability and porosity in both the channel and non-channel facies are assumed to be known. Sensitivities of the well pressure observations with respect to the parameters of the nodes were computed to adjust the size of the channel. Although the idea of using gradient method to adjust parameters deciding the size of lithofacies was valuable, their work was limited to the kind of problems with known locations of lithofacies. Landa et al. 11 integrated well test, logging, and geological data to obtain a reservoir description using gradient method. They calculate the sensitivity matrix for permeability by solving the system n times (where n is the number of parameters or gridblocks) and assume that permeability and porosity are perfectly correlated. Their method is computationally unaffordable for problems with large number of model variables. The method of truncated plurigaussian simulation is very flexible in simulating distribution of lithofacies, for instance, the location, width and sinuosity of multi-channels. However, to obtain a satisfactory resolution in the lithofacies map, the Gaussian random fields used need to be large. Thus the way of computing gradients has to be more efficient.
The Truncated Gaussian Simulation Method
The distributions of lithofacies in different types of sedimentations exhibit a great variety of features. The truncated Gaussian simulation method simulates the randomness of the lithofacies distributions by truncating a Gaussian random field into separate scale regions, with each region representing a facies type. Fig. 1 is a schematic example showing truncation of a one dimensional random Gaussian field. In this one dimensional reservoir model of 128 gridblocks, each gridblock is assigned a random Gaussian variable. Truncation thresholds are set at 0.5 and -0.5. For gridblocks with their Gaussian variables greater than 0.5, they are assigned a facies type as sandstone. For those with their Gaussian variables between 0.5 and -0.5, they are assigned as shale. The rest with Gaussian variables below -0.5 are assigned as dolomite. Obviously, a slight perturbation of the thresholds will first change the facies type of the grids at the boundary of facies regions. This figure also reflects one of the major drawback of the truncated "single" Gaussian method: the lithofacies represented by non-adjacent scales of Gaussian values can never be in direct contact with each other in the facies field map unless the same facies is provided with separate threshold regions. This drawback restricted the method itself to simulation problems with only two lithotypes, which is unrealistic for most of the reservoir formations.
As an extension of the truncated Gaussian simulation method, the pluri-gaussian simulation allows us to reproduce complex arrangements of several lithofacies. A second Gaussian random field is assigned to each of the gridblocks in the field and the two Gaussian fields together simulate the distribution of the lithofacies in the field. The two random functions can be either correlated or not. For the truncated pluri-gaussian method, choosing a threshold scheme is no longer straightforward and the efficiency and flexibility of the truncated pluri-gaussian method is largely ruled by the threshold scheme.
The Geostatistical Model
We consider a truncated bi-Gaussian field for which two independent Gaussian random fields, Y 1 and Y 2 are used to generate a facies map.
Generating Thresholds.
The choice of the truncation method for the Gaussian variables is important in applying truncated Gaussian simulation in automatic history matching to generate reservoir models satisfying geological requirements. Our intention is to use three or more intersecting lines as thresholds. Three randomly generated lines intersecting each other without all passing through the same point divide the plane into 7 regions. A facies type can be attributed to each region, so up to 7 different kinds of facies can be included in the same plane with appropriate relative percentage. This number of facies is generally enough for geology maps in petroleum reservoir study, but if not, another line could be added. The three lines are thresholds for different rock properties. Given an angle q and a distance r, a threshold line could be described by the following equation: (1) i.e., the threshold line is perpendicular to the line passing through the origin with the slope q and intersects the line at a distance r. Fig. 2 is an example illustrating the truncation scheme of intersecting threshold lines. The Gaussian random field Y 1 has Gaussian type covariance and Y 2 has exponential type covariance. The coordinates of the threshold map ( Fig. 2 (c) ) are Y 1 and Y 2 respectively. Three kinds of lithotypes, A, B, and C are assigned to the seven regions in the threshold map. Facies type at any gridblock in the field is decided by taking the Y 1 and Y 2 value of that gridblock to the threshold map. For instance, the gridblock (20, 40) has low values for both its Y 1 and Y 2 . (They both are in areas with dark shade.) So it corresponds to the area in threshold map assigned facies A. We can tell from the facies map ( Fig. 2 (d) ) that the gridblock (20, 40) is black, which represents facies A. Calculation of the Gaussian fields Y 1 and Y 2 will be discussed in later section.
Continuous Variables
In the truncated pluri-Gaussian simulation of facies distributions, facies are defined by the truncation of two continuous random fields. At the basic level, the variables (Z 1 and Z 2 ) on the grid are independent normal deviates with mean 0 and variance 1. These independent deviates must be converted to spatially correlated random fields (Y 1 and Y 2 ) for truncation. The parameters of the two covariance functions (such as the ranges of the covariances for the two fields, the principal directions) are variables in this problem. If we partition the truncation map based on truncation lines, then the locations of the lines are also continuous variables. We let the number of lines be denoted by N l .
The prior pdfs for the ranges of the variograms in the principal directions ( 11 a , 12 a , 21 a , 22 a ) might realistically be modeled as a c -square distribution. We have not yet addressed the problem of uncertainty in the covariance. The random variable representing distance of the truncation lines from the origin is assumed to be distributed as N(0,1) , so that the unconditional threshold lines are close to the origin. It seems plausible to assume that the prior distributions for the orientation of the partitioning lines
should be uniform on the interval (0, p ). In this case, the probability density is a constant and can be ignored (or, more accurately, absorbed into the overall constant). The same is true of q c1 and q c2 , the orientations for the covariances.
The list of continuous model parameters in truncated pluri-Gaussian problem is shown in Table 1 . We can then define m cG to be the vector of continuous variables whose prior distribution is Gaussian and m cU to be the vector of continuous variables whose prior distribution is uniform or: 
Discrete Variables
There will also be a few parameters or variables that are uncertain but not continuous (and hence not differentiable). The number of partitioning lines (N l ) is clearly discrete. The covariance model (that is, Gaussian, exponential, spherical, Whittles, etc.) to be used for each of the random fields is not continuous or even numerical. Finally, each region of the truncation map must be assigned a facies. Like the covariance models, the facies do not take continuous values so this is also not continuous or numerical. The group of discontinuous variables is summarized in Table 2 . The existing of discrete variables in this problem makes it harder to apply gradient methods in optimization of model parameters. In this stage of our research, the number of partition lines (N l ) is fixed as 3 and the covariance models for the Gaussian fields are assumed known. The following section will introduce our consideration in elimination the discontinuity of the facies types.
Transition Zone to Facies Discontinuity
In this study, we assume homogeneity within facies, i.e. both the permeability and the porosity are constant for the same kind of facies type. However, in this case the property fields are discontinuous at the facies boundaries. Define the difference between the facies type from optimization and the "true" facies type as:
where i indicates the i th gridblock. If there is facies observations at each of the gridblock and we need to optimize model parameters to match the given facies map, the objective function for minimization should be 
…….. (4)
In general, we would like this to be as small as possible since in that case we should have a match between the observations and the model. The problem is that this function is not differentiable so we cannot use gradient-based methods to find a minimum.
One solution is to redefine the function f so that it is differentiable (only for the purpose of computing the gradient of the squared data mismatch to do minimization). Figure 3 shows the situation for which the facies observed at some location is F 1 . What we would want is a method for converting the predicted facies to the true facies if the two did not agree. For the example shown in Fig. 3 , to obtain the match by moving the truncation lines that separate the facies on the threshold plot, we must compute the derivative of the objective function with respect to the location of the threshold lines. To make the objective function differentiable, we will add a small transition region from f=0 to f=1 as shown in the figure on the right. Considering this problem with multi-facies assignment to different regions, when both sides of a threshold line are attributed to facies different from the observed facies, we should assign f=1 in both regions. There is no transition zone along this section of the threshold line.
Gradient Formulation
In the condition when we have facies observation at each gridblock as observation data, the computation of the gradient of the squared data mismatch 
The gradients of the facies mismatch f about Z 1 and Z 2 is derived by chain rule as: 
where the operation * represents list convolution, and L 1 is the template of model covariance of Y 1 for list convolution (see Oliver 12 ). Similarly the gradient of f about Z 2 is:
where L 2 is the template of model covariance of Y 2 . As f is a vector of Ng elements, 
Similarly, the gradient of the vector f about array Y 2 is:
Expanding the gradients of f about the parameters deciding threshold lines ( As we know, it is not possible to know the "true" facies type in each gridblock of a field. We've been working on matching a given facies distribution with geostatistical model parameters and two random Gaussian fields to obtain the pdf of geostatistical model parameters conditional to certain features of facies distribution (see Liu 13 ). With a sample from this pdf, we will be able to generate realizations of the Gaussian random fields which honor production and log data. To be confident with the pdf of geostatistical model parameters, we need to generate a large number of conditional realizations. The Randomized Maximum Likelihood (RML) method was used to do the sampling, as it is proven to have a better performance than other popular sampling methods (see Liu 14 ). In the problem of history matching production data and few hard data, the objective function becomes:
……...……………… (14)
We assume the variation of rock properties within a facies is negligible in comparison with that between different facies types. So the porosity and permeability fields are totally dependent on the facies distribution. In this case, the gradients of the objective function with respect to model variables Z 1 and Z 2 are derived as:
where K is the permeability field and _ indicates the porosity field. The gradients of the objective function with respect to the permeability and the porosity fields were obtained from the adjoint method for general automatic history matching of reservoir property fields. The computation of the gradients of the property fields with respect to the Gaussian fields Y 1 and Y 2 is quite straightforward knowing
Production Data Matching
This truncated pluri-Gaussian simulation scheme was tested on a synthetic 2-D field with 128 by 128 gridblocks. Both Gaussian fields are assigned Gaussian type covariance and have the same range lenghth of 30% of the field width. Three lithofacies, dolomite shale and sand, distribute in the field and have very distinct properties. Table 3 lists the expected permeability and porosity values for each of the facies types. Table 4 describes the production conditions for all five wells in this field. In figure 4 , the darkest area represents facies 1, light grey area for facies 2 and white area for facies 3. The true facies field and the prior unconditional facies field are shown with well locations. The draw down test lasted three days and 20 bottom hole pressure data were collected from each well. In this problem, the total number of data is 100, and total number of model parameters is 73734. For such large scale problem, we chose adjoint method to calculate the gradient of pressure mismatch with respect to the model parameters Z 1 and Z 2 . The limited memory BFGS method (LBFGS) is used in computing the search direction. LBFGS method has been proven as the most successful quasi-Newton method for automatic history matching in terms of saving computational time and memory 15 .
Discussion
The covariance types of the Gaussian fields (Y 1 , Y 2 ) can be spherical, Gaussian or exponential. However, to use gradient in optimization of model parameters, we need each of the model parameters be continuous variable. Differentiation of the types of covariance models is still a problem under consideration. One thought is to use the power term in the Gaussian type covariance model as the continuous variable as the transition from Gaussian covariance to exponential covariance is continuous. However, by doing this, the covariance models of the Gaussian fields will be exclusively Gaussian type. At this stage, we also consider the ranges of the covariance models as known. As the ranges are continuous variables, we believe that including them as model parameters will be quite straightforward.
The most difficult part of dealing with discontinuous model parameters is with the arrangement of facies types in threshold map. On one hand, when facies were arbitrarily assigned to each region in threshold map, the optimization process may fail to converge and the objective function oscillates at high values. That is largely because the facies type to each region is fixed once it is assigned and sometimes it is impossible to move a facies area on the facies field by only adjusting the threshold lines. On the other hand, the pdf of the sampling space for the model parameters also depends on the facies assignment in the threshold map. So to have a complete understanding of the sampling pdf, we need to include the facies arrangement into the optimization process in our future work.
Conclusions
On the facies map, the boundaries between different facies are the most sensitive region to changes in model parameters. Adjoint method was useful in computing the gradient of the facies mismatch. Software for automatic adjoint computation was useful, but required considerable editing of output code. LBFGS made it possible to use large amount of data (16384) with large models (73734 parameters). Differentiation of facies mismatch is difficult when: Sizes of facies area are comparable to gridblock sizes; Threshold lines change intersection pattern and facies arrangements on threshold map switch. Many realizations of threshold lines can be consistent with a facies map. 
